Abstract: This is the second of a series of papers that explores the physical parameterization, sum rules and unitarity bounds arising from a non-minimal scalar sector of the Standard Model (SM) that consists of N Higgs doublets. In this paper, we focus on the structure and implication of the Yukawa interactions that couple the N scalar doublets to the SM fermions. We employ the charged Higgs basis, which is defined as the basis of scalar fields such that the neutral scalar field vacuum expectation value resides entirely in one of the N scalar doublet fields, and the charged components of the remaining N − 1 scalar doublet fields are the physical (mass-eigenstate) charged Higgs fields. Based on the structure of the Yukawa Lagrangian of the model (and as a consequence of tree-level unitarity), one may deduce numerous sum rules, several of which have not appeared previously in the literature. These sum rules can be used to uncover intimate relations between the structure of the Higgs-fermion couplings and the scalar/gauge couplings. In particular, we show that the approximate alignment limit, in which the W + W − and ZZ couplings to the observed Higgs boson are approximately SM-like, imposes significant constraints on the Higgs-fermion couplings.
Introduction
The discovery of the Higgs boson at the Large Hadron Collider (LHC) at CERN [1] [2] [3] leaves two crucial open questions. First, how many elementary scalars there are in Nature? Is there one single scalar as in the original proposal for the Standard Model (SM), or are there several scalar families, just like there are several families of elementary fermions? Second, are the couplings of the observed 125 GeV scalar to gauge bosons and to fermions consistent with the SM (and if yes, to what precision)? Answering this second question will place important constraints on models of new physics beyond the SM. The two questions posed above are related. For example, a detailed study of the predictions of an N Higgs doublet model (NHDM) can guide experimental searches for new scalar phenomena.
Models with multiple scalar doublets are very rich. They predict both neutral and charged scalars, whose mass basis do not, in general, coincide with the interaction basis. As a result, one has mixing among the neutral scalars and mixing among the charged scalars. In addition, new sources of CP violation in the scalar sector are possible, and the mechanism for CP violation may be spontaneous [4] or explicit. One might have new CP violation sources in the mixing of neutral CP-even and CP-odd scalars, in the mixing of charged scalars, and/or in the couplings of scalars with fermions. In general, the NHDM also yields flavor changing neutral scalar interactions, which are strongly constrained by experiment. This difficulty is a challenge, which one can address with extra symmetries, such as the Z 2 symmetry introduced in the two Higgs doublet model (2HDM) following general theorems proposed by Glashow and Weinberg [5] and independently by Paschos [6] . However, the difficulty in avoiding flavor changing interactions mediated by neutral scalars is also an opportunity. For example, the symmetries employed in suppressing flavor changing neutral scalar interactions might also be related to the hierarchy of fermion masses and mixing, or even to the existence of Dark Matter.
In order to study models of extended Higgs sectors, one needs first to establish a convenient notation and impose the relevant theoretical constraints, such as those arising from unitarity bounds. In a previous publication [7] , we introduced a suitable notation in the pure scalar sector of the NHDM, clearly related to the physical degrees of freedom, which we identified as being those that appear in the mass basis of the charged scalars, and we studied the unitarity bounds arising from the scalar/gauge sectors. Here, we will extend our parameterization into the fermion sector, and we will study the unitarity bounds arising from interaction of the fermions with the scalar/gauge sectors.
Section 2 reviews and extends our physical parameterization and the many relations among the parameters. These are used in section 3 in order to derive new sum rules. In section 4 we define a vector involving the couplings in the gauge/scalar sector and vectors involving the Yukawa couplings. We show that the approximate Higgs alignment observed in the gauge/scalar sector (where the properties of one neutral scalar is SM-like) translates into an alignment between the gauge/scalar sector vector and vectors in the scalar/fermion sector. We present our conclusions in section 5. In appendix A, we use the cancellation of bad high energy behavior in 2 → 2 scattering amplitudes in order to rederive the sum rules that have been obtained in section 3 by looking directly at the Lagrangian.
2
The N Higgs doublet model with fermions
In this section we discuss the full Lagrangian of the most general N Higgs doublet model. Our field content is the following: (i) The usual SU(2) L ×U(1) Y gauge bosons; (ii) N Higgs doublet fields, parameterized as:
for k = 1, 2, . . . , N ; and (iii) the quark doublets, q L = (p L , n L ), which is a vector in the n g -dimensional family space of left-handed doublets, and the quark singlets, p R and n R , which are n g -dimensional vectors in the right-handed family spaces of charge 2/3 and −1/3 quarks, respectively. 1 The neutral scalar field vacuum expectation values are normalized such that
whose numerical value is fixed by the Fermi constant. When expressed in terms of the physical gauge fields, the covariant derivative may be written as
where g is the SU(2) coupling constant, c W = cos θ W , s W = sin θ W , e is the positron charge, Q is the charge operator, and the SU(2) generators, when acting on doublets,
The covariant derivative for the singlet right-handed quarks only contains i∂ µ and the terms proportional to Q in eq. (2.3). Our choice for the signs of the coupling constants and of the gauge fields is that in Ref. [8] with all η factors taken positive. The kinetic terms are written as 5) for the scalars and quarks, respectively. For the scalar potential, we follow the notation of [9, 10] : 6) where, by hermiticity,
The Yukawa couplings are organized into complex n g × n g matrices Γ k and ∆ k (for
Under a weak basis transformation of the scalars 2 ,
the couplings with scalars transform into
In a previous publication [7] we stressed the importance of the charged Higgs basis, defined as the basis where the charged components of all scalar doublets correspond to charged scalar mass eigenstates [11] . We may parameterize the fields in the charged Higgs basis as
where S + 1 ≡ G + is he charged massless would-be Goldstone boson and S + 2 , . . . , S + N are the physical (mass-eigenstate) charged Higgs fields, with corresponding masses m 2 ±,a . Notice that only the neutral component of the first doublet has a vacuum expectation value. In Ref. [7] , it is shown that all scalar-scalar and scalar-gauge couplings depend exclusively on a single N × 2N matrix B. Its physical significance is the matrix that takes the neutral scalars fields from the charged Higgs basis into their mass eigenstate basis. Denoting ϕ C0
1 ≡ H 0 + iG 0 , the neutral Higgs fields in the charged Higgs basis are given in terms of the neutral mass-eigenstate scalar fields,
where S 0 1 ≡ G 0 is the neutral massless would-be Goldstone boson and S 0 2 , . . . , S 0 2N are the physical (mass-eigenstate) neutral Higgs scalar fields, with corresponding masses m 2 β . We may therefore introduce a basis transformation X = U , where U is a unitary matrix that diagonalizes the charged scalar squared-mass matrix such that 16) with the corresponding diagonal charged scalar squared-mass matrix denoted by 17) and
In the charged Higgs basis, the neutral fields ϕ C0 a are related to the neutral scalar fields of the original basis defined in eq. (2.1),
Note that one can also diagonalize the neutral scalar squared-mass matrix starting from the original basis of scalar fields, 19) with the corresponding diagonal neutral scalar squared-mass matrix denoted by 20) and 
It is straightforward to see that U † is the matrix that takes the scalar doublets from the original basis to a charged Higgs basis. Because the latter is defined up to a rephasing of N − 1 doublets [7] , the transformation into this basis is not unique. For example, one could consider a matrix U ′ = U K where 3
Furthermore, because U is a basis transformation, it is parameterized by N 2 non-physical parameters. It is then easy to see that the matrix B alone comprises all the relevant physical parameters of the diagonalization of the charged and neutral scalar fields. The non-uniqueness of the charged Higgs basis implies that the matrix U employed in eq. (2.16) can be replaced by U ′ = U K. That is U ′ k1 = U k1 and U ′ ja = e −iχa U ja for a = 2, 3, . . . , N . Eq. (2.21) then yields,
The unphysical phases χ a can be absorbed into the definition of the charged Higgs basis scalar doublet fields, Φ C a . That is, In defining the neutral Higgs mass eigenstate fields, S 0 β , one always has the option to redefine any of the neutral scalar fields via S 0 β → −S 0 β . This means that the choice of the matrix elements of the diagonalization matrix in eq. (2.19) is unique only up to a sign, V kβ → −V kβ . That is, one is free to change the overall sign of any column of V . For example, taking h = S 0 2 to be the 125 GeV neutral Higgs field, the overall signs of the couplings, sgn[hV V ] and sgn[hbb], do not have physical significance, although the relative sign of these two couplings is physical and can be measured. 4 It is common practice to employ a specific sign convention to uniquely fix the signs of the neutral Higgs mass eigenstate fields. In this convention, V k1 = iv k /v and the V kj (for j = 2, 3, . . . , 2N ) are parameterized by (N − 1)(2N − 1) real angles θ kℓ (for 1 ≤ k < ℓ ≤ 2N − 1) [13] . The ranges of the θ kℓ can then be chosen to uniquely fix the signs of the columns of V [14] .
In Ref. [7] , the following properties of the N × 2N matrix V were obtained,
Several properties of B have been thoroughly studied in Ref. [7] , extending previous work in refs. [15] [16] [17] [18] . For example, in light of eq. (2.21) and using the fact that U is unitary, eqs. (2.25)-(2.27) yield,
We may also define a new orthogonal and antisymmetric matrix
which appears in gauge boson couplings to two neutral scalars. Using eq. (2.29), one can write,
From eq. (2.31), it immediately follows that, 
Eq. (2.35) is just the statement that S 0 1 = G 0 resides entirely in the imaginary part of ϕ C0 1 . Note that eq. (2.36) can be obtained by using the relation, A 1β = − Re B 1β , which is a consequence of eqs. (2.31) and (2.35).
In the charged Higgs basis, the scalar potential takes the following form,
The minimization the scalar potential in the charged Higgs basis and the identification of the charged Higgs boson squared-masses are neatly summarized by the following equation obtained in Ref. [7] ,
In addition, there are a number of notable relations among the squared-masses of the neutral and charged scalars, the physical mixing matrices (A and B), and the coefficients of the scalar potential in the charged Higgs basis (Y and Z). For example, performing the diagonalization of the neutral scalar squared-mass directly in the charged Higgs basis yields [7] ,
Using these results along with eqs. (2.36) and (2.38), one can easily derive,
41)
In the charged Higgs basis, the Yukawa Lagrangian takes the following form,
(2.44)
The quarks are brought into their mass basis by unitary transformations
Since only the neutral component of the first doublet Φ C has a vacuum expectation, these transformations are chosen such that
The Yukawa Lagrangian can then be rewritten as,
where V = U † uL U dL is the Cabibbo-Kobayashi-Maskawa (CKM) matrix, and 
In general, the matrices N are not diagonal, leading to flavor-changing neutral scalar interactions, which are strongly constrained experimentally. Notice that these matrices, multiplied by the appropriate CKM matrix element, will also be responsible for the charged scalar interactions with quarks. Using eqs. (2.15) and (2.44), it follows that
where the sums over repeated indices run over all values of a = 1, . . . , N and β = 1, . . . , 2N , and The matrices B and N (a) fully parameterize the Yukawa Lagrangian. Thus, we may use the equivalence theorem [19] in order to relate some of the cubic couplings from the kinetic Lagrangian in eq. (2.5) to the couplings with Goldstone bosons in eq. (2.53), through the properties of B in eqs. (2.35) and (2.36). In contrast with our previous publication [7] , where both the scalar potential and the kinetic Lagrangian Feynman rules were in general distinct from the SM, here we find that the fermion-gauge couplings of the NHDM are identical to those of the SM. These results are presented in table 1, where m u n (m d n ) is the n-th up-quark (down-quark) mass. Thus, no new sum rules arise exclusively from the fermion-gauge couplings.
Sum rules
A comprehensive study of sum rules for Higgs couplings in extended Higgs sectors (under the assumption of a CP-conservation) was first provided in Ref. [20] . In Ref. [7] , we specialized to the NHDM (while relaxing the assumption of CP conservation in the scalar sector) and derived numerous sum rules involving the Higgs couplings in the scalar-gauge sector of the model (see also Refs. [21, 22] ). In this section, we extend our study of the NHDM sum rules to include the Higgs couplings to fermions.
We use the same notation of Ref. [7] in which [X a Y b Z c ] is identified as the term in the Lagrangian that depends explicitly on family type indices. For example [7] , from the Feynman rules
we define
Since the matrix A is antisymmetric, A ββ = 0 whenever the two indices coincide.
Analogously, we define [X a Y b Z c ] R,L as the term that depends on family type indices that is proportional to the corresponding chiral projection operator
We employ indices a and β for scalars and indices m, n, p and q as fermion family indices, and we follow closely the sign conventions of Ref. [8] . For convenience, we have extracted a normalization factor C 1 , whose value depends on whether the scalar field is electrically charged or neutral. As an example, for the couplings of the charged scalars to fermion pairs, it is convenient to define
where repeated indices are summed. For the couplings of the neutral scalars to fermion pairs, it is convenient to define
In light of eqs. (2.49)-(2.51), the matrices N (a) f and the couplings defined here have dimensions of mass. Once again, one can verify that all Yukawa interactions are independent of the rephasing of the charged Higgs basis (taking into account the corresponding rephasing of the charged Higgs fields, S ± a ). Based on the structure of the Yukawa Lagrangian of the NHDM, one may deduce several sum rules that have not appeared previously in the literature. For example,
where f = u (for up-quarks) or f = d (for down-quarks). 6 To derive the sum rules above, we provide details on one of the derivations.
where the last equality is a consequence of eq. (2.30). There are numerous other cases that yields a factor BB T as above and thus produce a similar sum rule. For example,
Combining the parameterization of the Yukawa Lagrangian presented here with the parameterization of the scalar sector in Ref. [7] , we find
We also observe that
where, as before,
. We find it useful to write certain sum rules that arise from the fact that the CKM matrix is unitary. For example,
We have derived the sum rules above directly from the Lagrangian. One can also obtain these sum rules from unitarity bounds. Some sum rules were written for a general model in eq. (3.4) and eq. (3.7) of Ref. [20] . In appendix A we show explicitly the derivation of those sum rules based on the cancellation of bad high energy behavior in 2 → 2 scattering processes, in the case of the most general NHDM with fermions. Note that in contrast to the results of section V of Ref. [20] , the sum rules exhibited in table 1 and in eqs. 
A critical constraint from perturbativity
The sum rules obtained in Section 3 can be used to uncover intimate relations between the structure of Yukawa couplings and the scalar/gauge couplings. As an illustration, we start by observing that eq. (2.32) can be rewritten as,
Setting β = γ = 2 and noting that the matrix A is antisymmetric, we get
Thus, |B 12 | must be smaller than one. Moreover, we know from eqs. (2.35), (2.36) and (3.2) that B 12 = −[V V h 125 ], where we have assumed that the lowest lying neutral scalar coincides with the one found with 125 GeV at LHC (recall that a = 1 refers to the neutral would-be Goldstone boson, while a = 2 refers to the lowest lying massive neutral mass eigenstate). Therefore, one may parameterize
where, henceforth s θ , c θ , and t θ represent the sine, cosine, and tangent of any angle θ that appears in the subscript. , must be very close to zero. Next, we recall from eq. (2.15) that the matrix B takes the neutral scalars fields from the charged Higgs basis into their mass basis. Thus, s 2 β−ᾱ ∼ 1 means that the massive neutral scalar in the first doublet of the charged Higgs basis approximately coincides with the lightest neutral scalar mass eigenstates, which is identified with the observed Higgs boson of mass 125 GeV. This is known as the alignment limit [24] [25] [26] [27] [28] [29] [30] [31] [32] . It occurs naturally in the decoupling limit [24] , but can also arise in a parameter regime without decoupling.
We will now show that, as a consequence of approximate alignment as suggested by the precision Higgs data, the vector b -which depends exclusively on properties of the neutral scalars -must be almost orthogonal to the vectors
for any choice of m and n (explicit reference to n and m will henceforth be suppressed). Indeed, in light of the Cauchy-Schwarz inequality, f /v matrix are physical [up to an overall rephasing as shown in eq. (2.52)], for they appear in the Yukawa Lagrangian expressed in terms of the scalars fields in their mass basis. Moreover, for the theory to remain perturbative, such couplings cannot exceed some reference value, which we take to be 4π. As a result
and
This shows that the alignment limit, which is initially defined based on the observed V V h 125 coupling, has a dramatic impact on the Higgs-fermion Yukawa couplings. This is one of our major results. It can be written in a more interesting fashion by setting β = 2 in eq. (3.9),
In light of eq. (2.54), it follows that,
is also bounded by eq. (4.8). Likewise, eq. (3.8) yields It is instructive to apply eq. (4.10) in the case of the so-called complex two Higgs doublet model (C2HDM) (see, e.g., refs. [33] [34] [35] [36] [37] [38] [39] ). A recent analysis was performed in [40] , introducing the public C2HDM HDECAY code for the HDECAY program [41] , as well as all the corresponding Feynman rules [42] . Using eq. (B.12) of Ref. [7] , we find
In the C2HDM there are three mixing angles (α 1 , α 2 , and α 3 ); c 2 ≡ cos α 2 and similarly for others; while we define α 1 = α + π/2, in order to make contact between α 1 as employed in the C2HDM and the angle α used in its real 2HDM limit. In the notation used here, the h 125 V V coupling is given by c 2 cos (α 1 − β) = −c 2 s β−α , which corresponds to sβ −ᾱ used in eq. (4.3). For the h 125 V V coupling to be close to unity, s 2 must be close to zero (i.e., a small CP-violating angle), and c β−α must also be close to zero, making both terms on the right-hand-side of eq. (4.12) close to zero. Consequently, the real part of d n d m h 125 R must lie close to its SM value and its imaginary part must be close to zero. 8 Eq. (4.12) for the C2HDM, and more generally eq. (4.10) in the case of the NHDM can also be used to generalize the results presented recently in Ref. [43] .
Conclusions
Although the Standard Model employs a Higgs sector consisting of a hypercharge-one, doublet of scalar fields, the generational structure of the fermionic sector invites us to consider the possibility that the Higgs sector of the Standard Model is also non-minimal, consisting of N Higgs doublets. Without prior knowledge of N , it is useful to analyze the NHDM in the case of general N . In a previous paper [7] , we examined the physical parameterization, sum rules and unitarity bounds of the bosonic sector of the NHDM. We were able to provide an elegant formulation of the NHDM by exploiting the charged Higgs basis, where the neutral scalar field vacuum expectation value resides entirely in one of the N scalar doublet fields, and each of the remaining N − 1 scalar doublet fields contains a physical (mass-eigenstate) charged Higgs field. In this formulation, many of the purely bosonic couplings of the model can be expressed entirely in terms of an N × 2N matrix B. This paper extends the results of Ref. [7] to include the most general Higgs-fermion Yukawa couplings. We have shown that in addition to B, one must introduce a pair of N − 1 complex 3 × 3 matrices (one for up-type and one for down-type), along with the diagonal up and down-type quark mass matrices in order to fully parameterize the Higgsquark Yukawa interactions. Using these parameters, we have derived a set of sum rules that involve the Higgs-fermion interactions. Some of these sum rules exclusively involve the Yukawa couplings, whereas others involve products of Yukawa couplings and gauge/Higgs couplings. Several of these sum rules have not appeared previously in the literature.
In the charged Higgs basis, the tree-level couplings of the neutral CP-even component of the scalar doublet [denoted by H 0 in eq. (2.14)] that contains the entire neutral scalar field vacuum expectation value correspond precisely to those of the SM Higgs boson. In general, H 0 is not a mass-eigenstate due to the mixing of this field with the other neutral scalar fields of the NHDM. However, if H 0 is an approximate mass eigenstate, then the Higgs sector is said to exhibit approximate alignment, since the corresponding mass eigenstate is approximately aligned in field space with the neutral Higgs vacuum expectation value. The alignment limit can be conveniently defined by exploiting the sum rule satisfied by the V V couplings to the neutral scalars (where V V = W + W − or ZZ). We are then able to show the corresponding impact of the alignment limit on the Higgs-fermion couplings.
Of course, the sum rules governing the Higgs-fermion couplings of the NHDM, while constraining the model in interesting ways, do not address the phenomenological challenge presented by the near absence of flavor-changing neutral currents in the experimental data. Without further model constraints, either via fine-tuning of couplings or by the imposition of additional symmetries, the generic NHDM will exhibit significant tree-level flavor changing neutral currents mediated by neutral Higgs exchange, in conflict with experimental observations. Addressing this challenge will be the subject of a future publication.
Appendices

A
Generalized sum rules
A.1 Notation and Conventions
In order to obtain the sum rules of section III of Ref. [20] , in particular their equations (3.3), (3.4) and (3.7), it is convenient to adopt their conventions for the Feynman rules,
with all momenta incoming. Here f , V , and φ stand for fermions, gauge bosons, and scalars, respectively, and P R,L ≡ 1 2 (1 ± γ 5 ) are the usual chiral projection operators. We will use lowercase m n for the mass of the fermion f n , and uppercase M a for the mass of the gauge boson V a .
A.2 F F V V Sum Rules
A.2.1 The amplitudes
The diagrams contributing to the scattering fig. 1 . In an obvious notation we will name the amplitudes according to Mandelstam variables channel (s, t or u) and by the particle being exchanged. We then obtain, 
A.2.2 The high energy limit
When the gauge bosons are longitudinally polarized the diagrams of fig. 1 grow with energy for large center of mass energy √ s. The worst behavior comes from the first three diagrams that grow like E 2 while the fourth diagram grows like E m f . To see this one has to use the expression for the polarization vector for the longitudinal case, which is given by
To determine the coefficients of the high energy behavior [see eq. (A.20) below] we cannot use the approximate expression in the right-hand side of eq. (A.7) for all the diagrams because we would then lose contributions that modify the E m f terms. Hence, we should employ consistently the definitions of the left-hand side and expand the result in powers of s, t or u. As an example, for the gauge boson V a , we have .8) and similarly for the other particles. Next we use the kinematics for the process
to write
We then use these expressions to evaluate all the amplitudes. In the end we substitute cos θ in terms of the Mandelstam variable t, through the relation,
At this point all the amplitudes are expressed in terms of the Mandelstam variables and the masses. As the Mandelstam variables are not independent, we can still use the relation
(A.14)
to express the result in terms of just two independent variables. Next we want to isolate the terms that grow with E 2 and E m f . To achieve this we introduce the scaling 15) and make an expansion for small x. This would be enough for the amplitudes without fermions, but here we have the additional complication of having strings like
Since we want to isolate the coefficients of these structures, and as the spinors grow like E 1/2 , we also employ the scaling
There is one final complication. Since we wish to have independent spinor structures, we shall use the Dirac equation between spinors. But then we have a problem for structures like
We have verified that for this case it is enough to use the first term on the right-hand side of eq. (A.7). That is, we will make the replacement
The terms that grow as E 2 are the coefficients of x −1 and the terms that grow as Em f are the coefficients of x −1/2 . Therefore we can write for each amplitude
where we have assumed energy-momentum conservation. We did this consistent expansion using FeynCalc and Mathematica for the Lorentz and Dirac algebra and series expansion, respectively.
The E 2 terms
The first three diagrams in fig. 1 yield terms that grow like E 2 . To simplify the expressions, we redefine the coefficientsÂ
The correspondingÂ i coefficients are given in table 2. Since the sum of these coefficients has to vanish, we end up with two sum rules,
These relations are the sum rules in eq. (3.3) of ref [20] . The cancellation of the terms which grow as E 2 is guaranteed by the gauge group structure of the fermion representations, as shown by Llewellyn Smith [44] (see also [45, 46] ). So, these sum rules must hold in any spontaneously broken gauge theory.
The E terms
Having shown that a spontaneously broken gauge theory assures that the worst high energy behavior cancels, we move to the terms that grow as a single power of E. Here the gauge invariance of the theory is not sufficient to guarantee cancellation of the bad high energy behavior, and we obtain constraints on the gauge boson couplings to scalars. For convenience we again define,B
The results are summarized in table 3. To obtain the sum rule in eq. (3.4) of Ref. [20] , the sum of the coefficientsB L i andB R i has to vanish separately. The follow sum rule is then obtained, which is precisely the sum rule of eq. (3.4) of Ref. [20] . We also obtain a similar rule by substituting L ↔ R. The other sum rules in eqs. (3.5) and (3.6) of Ref. [20] can be derived from the above in the same way.
A.3 F F V φ Sum Rules
A.3.1 The Amplitudes
The diagrams contributing to the scattering f n (p 1 ) + f m (p 2 ) → V a (p 3 ) + φ i (p 4 ) are given in fig. 2 . The corresponding amplitudes are given by, Since the sum of the coefficients has to vanish, we obtain the sum rule, .31) in agreement with eq. (3.7) of Ref. [20] . We also obtain a similar sum rule with the interchange L ↔ R. .
